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Pure Nash Equilibrium Reached !!!! 
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Good News  
 
Any singleton graphical congestion game,  with homogenous resources, 
will eventually reach a pure Nash equilibrium when the system evolves 
via better response updates. 

This means, p’s payoff functions are the same for 
every resource, for every player p.  

Bad News  
 
Some singleton graphical congestion games have no pure Nash equilibria. 
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Suppose players can use multiple resources simultaneously 

Payoff to player p  
= Sum of [Fp

r (number of neighbours p has using r)],                                                                  
over all the resources r that p is using 

Fp(1)+ Fp(2) 

0 

Strategies are sets of resources 



An extended graphical congestion game is defined by… 
 
A graph,  
 
resources, 
 
a non-increasing payoff function Fp

r, 
for each player p and resource r, 
 
AND 
 
a collection of sets of resources  Sp  
for each player p. 
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An power set graphical congestion game is an extended graphical congestion  
game where players can use any subset of the resources 

Do power set graphical congestion games 
always  have pure Nash equilibria ? 
 
YES!!!!!!! 
 
 
 
 
 
Does better response updating always 
lead to a pure Nash equilibrium ?  
 
No 

(F1
r (0), F1

r (1), F1
r (2)) 

  =(0,-5,-7) 

For each resource r we have 

(F2
r (0), F2

r (1), F2
r (2)) = (F3

r (0), F3
r (1), F3

r (2)) 
                                      =(0,-2,-7) 



A best response update is a better response update  
which maximizes the increase to payoff   

A lazy best response update is a best response update 
 which minimizes 
[the number of new resources selected] + 
 [the number of old resources deselected] 

A better response update is where one player 
 changes the set of resources they use and increases 
their payoff as a result 



Theorem  
 
Any power set graphical congestion game,  
with N players and R resources,  
will reach a pure Nash equilibrium  
within R(3N2-N) lazy best response updates.  
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A bounded attention graphical congestion game with constants k1, k2,.., kN  
is an extended graphical congestion game where player p can use any set of the 
resources, as long as it does not hold more than kp elements. 
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Theorem  
 
Any graphical congestion game,  
with N players and R resources, which are homogenous,  
such that Sp is a matroid, for all p, 
will reach a pure Nash equilibrium  
within R(3N2-N) lazy best response updates.  

A collection X of subsets of Q is 
a matroid when  
(1) The empty set is in X, 
(2) If B is in X and A is a subset 

of B then A is in X, 
(3) If A and B are in X, and A 

holds more elements than B 
then there is an element h 
in A, but not B, such that  

       B union {h} is in X.  
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Powerset graphical 
 congestion games 
Lazy best response 
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Matroid graphical 
 congestion games 
with homogenous  
resources 
Lazy best response 
 updates converge to  
pure Nash equilibra 

Powerset graphical  
congestion games with 
 homogenous resources  
Cases exist where better 
 response updating 
never converges. 


