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Abstract— We introduce a graph growth model that can
generate complex self replicating structures despite being based
on very simple rules. Each time step we update a strategy
assigned graph under our model by applying the ‘reproduction
stage’, where we give every vertex an offspring vertex with the
same neighbourhood and strategy as its parent, followed by the
‘culling stage’ where we remove every vertex that receives a
total payoff (from playing with each neighbour) less than some
set threshold. In many cases small initial graphs eventually give
rise to collections of connected structures that make copies of
one another in complex ways. We discuss a one strategy cases
that can produce such behavior before discussing types of two
strategy game that also promote self replication. We investigate
how resilient such self replicative processes are to stochasticity
and we also mention some modified models.

I. BACKGROUND

The subject of network games is a blossoming theory that
combines evolutionary game theory with graph theory to
provide predictions, tools, questions and answers in many
spheres of science [1]. The usual idea is to consider a
network of nodes, that we think of as players and imagine
that they adapt their strategies over time to try and increase
their success when they play games with their neighbours.

A common approach is to consider a fixed network, a
fixed game and some chosen update rule and then study
how the strategies employed by the vertices change over
time [2], [3]. This approach has been very successful in
describing systems in biology, economics, social sciences,
thermodynamics and many other areas, but its worth noting
that a great deal of these real world games actually take place
on extremely dynamic, self adaptive networks. A question
often asked of static-network games is how does the network
topology affect the evolution of strategies ? when studying
games on adaptive networks we can ask a new question how
is the growth of networks influenced by the game theoretic
processes that ensue within ?.

II. THE MODEL

We introduce a simple deterministic model within which
a network of players adapts over discreet time steps in a
biologically inspired manner.

Suppose we have a game described by a k × k payoff
matrix M so that Mi,j is the payoff received by a player who
employs strategy i against an opponent that uses strategy j.
At time t suppose our graph Gt consists of a set of vertices
(which we think of as players) which are interconnected

by edges in some manner. Suppose each vertex v of Gt is
employing some strategy φ(v) ∈ {1, 2, ..., k}. The fitness∑
u∈Ne(v) Mφ(v),φ(u) of a vertex v is the total playoff that

v receives from employing it’s strategy in a game with each
member of it’s neighbourhood Ne(v). At the next time step
the graph Gt+1 is produced by updating Gt according to the
following process.

Stage 1, Reproduce: Simultaneously give every vertex of Gt
an offspring vertex which is born with the same neighbour-
hood and strategy as its parent vertex.

Stage 2, Cull: Remove every vertex of the graph with a
fitness below some set threshold τ .

For a chosen game M and fitness threshold τ we study how
the graph Gt will grow over time when we repeatedly update
it by performing stage 1, then stage 2, starting from some
initial graph G0.

Our system can be thought of as a toy model for animal
social networks. We could imagine that the edges in our
graph denote social interactions whilst the strategies repre-
sent different types of animal. Stage 1 of our update process
could represent the springtime; when each animal has an
offspring born with the same social relations as it’s parent.
Stage 2 could then represent the wintertime; when harsh
conditions kill all animals that have a fitness below some
necessary level.

Fig. 1. An example of an update



Fig. 1 illustrates of what happens when we update an
example graph under a game with the payoff matrix(

−3 4
0 2

)
when the fitness threshold is τ = 2. The black vertices
represent employers of strategy 1 and the white represent
employers of strategy 2. The numbers show the fitnesses of
the vertices. After the reproduction stage the culling stage
acts to remove the two vertices that have fitness 1.

III. LOOKING AT THE ONE STRATEGY CASE

When we discard game theory and look at what happens
to a graph under repeated application of stage 1 (pure
reproduction) we can say much about the way the graph
develops such as degree distributions, chromatic number,
diameter and amounts of symmetry. This is a special case of
a general class of reproduction and join models considered
in Southwell and Cannings [4] (in preparation).

A. Definition of degree capped reproduction

When we investigate the dynamics of one strategy games
we find a system of immense complexity, which we call
degree capped reproduction. Suppose τ = −Q, for some
positive integer Q, and suppose we begin with a graph G0

where all vertices employ a strategy that scores a payoff of -1
against itself. Updating a graph Gt under the degree capped
reproduction model consists of performing two stages.

Stage 1, Reproduce: Simultaneously give every vertex of Gt
an offspring vertex which is born with the same neighbour-
hood as its parent.

Stage 2, Cull: Remove every vertex of degree greater than
Q.

Under degree capped reproduction graphs tend to grow and
break into other graphs. Phase diagrams represent how
connected structures produce one another using arrows. The
arrows pointing out of a graph point towards the connected
graphs produced by updating it. The numbers on the arrows
correspond to the numbers of such graphs produced.

B. Complex dynamics from simple graphs

Suppose we set Q = 2 and begin with the two vertex
complete graph. Under the first update our graph becomes a
graph of twice the size, under the second update this graph
breaks up into two copies of the original graph and two
isolated vertices. Isolated vertices copy themselves every
time step whilst the two vertex complete graphs replicate
every two time steps. The situation is illustrated by the phase
diagram in fig. 2.

Evolving the two vertex complete graph with Q = 4
yields more complicated dynamics. As fig. 3 shows the
initial graph will grow in size over the first 3 updates to
become a ‘sun shaped graph’ and then break into 6 more two
vertex complete graphs. The two vertex complete graphs will

Fig. 2. A phase diagram showing the dynamics starting with a two vertex
complete graph when Q = 2

Fig. 3. A phase diagram showing the dynamics starting with a two vertex
complete graph when Q = 4



Fig. 4. A phase space diagram showing the dynamics starting with a two vertex complete graph when Q = 6. Production of isolated vertices is not
illustrated.

continue to replicate with period 4 forever. Some structures
also throw off isolated vertices which copy themselves every
time step. A description of the dynamics of general graphs
when Q = 4 is given in the appendix.

Evolving the two vertex complete graph with Q = 6 yields
different behavior. As fig. 4 shows the initial graph remains
in one piece for the first 5 updates and then breaks up into
6 ‘cross shaped’ graphs. These cross shaped graphs grow up
over the next two updates before breaking into a mixture of
two vertex complete graphs and ‘sun shaped’ graphs (that

also replicate themselves with a lower period). If the way
this simple graph evolves when Q = 6 is surprising then the
case when Q = 8 is truly remarkable.

When we run the degree capped reproduction system with
Q = 8, starting from the 2 vertex complete graph, we end up
with a self replicating soup of 210 different kinds of graphs
which reproduce one another in very complicated ways.
Many of these graphs are very large with lots of symmetries.



Fig. 5. A phase diagram showing the dynamics starting with the two vertex complete graph when Q = 8. Each node represents a connected graph (some
with as many as 1000 vertices). We have neglected to label arrows according to production number or show isolated vertices.

The phase diagram in fig. 5 is strongly connected so that any
one of these 210 graphs will give rise to the entire ecosystem.

When Q = 10 the two vertex complete graph process
eventually generates a soup of 723 different types of graphs
that replicate one another in enormously complicated ways
as shown in fig.6. Interestingly in the Q = 10 case the two
vertex complete graph does not replicate itself, it just grows
to break up into a set of other self replicating graphs.

Despite much study of degree capped systems, for many
initial graphs and different values of Q, many mysteries
remain regarding general behavior. It appears that any initial
graph eventually evolves to break up into a set of self
replicating graphs which continue to reproduce themselves
and fixed graphs which remain static under further updates
(although we have yet to prove that finite initial conditions
imply finite phase diagrams).

Degree capped reproduction systems may be of some
biological interest. If we think of the vertices as animals,
connected if they share some resource, our update process

Fig. 6. A phase space diagram showing the dynamics starting with the two
vertex complete graph when Q = 10. Nodes represent connected graphs,
isolated vertices are neglected.



corresponds to giving every animal an offspring that shares
resources with the same individuals as its parent and then
killing all animals that share resources with too many other
animals.

Living things are complicated structures that grow and
change based on simple local interactions at microscopic
level, and somehow they are able to reproduce themselves.
Our game theoretic system can also produce self replicating
structures which interact in complex ways despite, being
based on very simple local update rules.

The idea of using adaptive graph models to capture
features of biological systems is not new. A good example is
Lindenmayer systems [5] which have been found to capture
many important features of plant growth. Adaptive graph
models that give rise to self replicating structures have been
studied in [6], [7] where the authors describe local update
rules that can give rise to self replicating structures on
coloured trivalent networks.

IV. THE DYNAMICS USING GAMES WITH MORE
STRATEGIES

Under a generic game M each vertex of fitness x will
survive the update provided x ≥ τ

2 whilst its offspring
will survive the update provided x ≥ τ . When the fit-
ness threshold τ is positive any finite graph will evolve
towards destruction, a fixed structure or unbounded growth.
Sometimes looking at the initial graph makes it immediately
obvious which of the three types of long term behaviour
will dominate, for example a highly interconnected group of
players that perform well against one another may enter a
positive feedback loop that makes it inevitable that they will
multiply in number forever. In general one cannot predict the
fate of the descendants of one of the initial vertices without
considering the structure of the entire initial graph. A graph
will be fixed under such a system iff each of it’s vertices has
a fitness in

[
τ
2 , τ
)
.

When τ < 0 much more exotic dynamics can occur, some
games can give rise to both self replicators and graphs that
grow indefinitely.

A. Searching for games that promote self replication

We initiated a random search to find two strategy symmet-
ric games that promote self replication. We used a computer
program to repeatedly generate random points (x, y) ∈
[−1, 1]2 and Erdos-Renyi [8] random graphs (on 4 vertices
with average degree 2) with vertices randomly assigned
strategy 1 or strategy 2 (with equal probabilities). We evolved
such graphs for 5 time steps using the payoff matrix(

x y
y x

)
with threshold τ = −1. The points (x, y) plotted in fig.
7 correspond to games under which self replicators were
detected (within the first 5 time steps). Mono-strategy repli-
cators (where all vertices use the same strategy) evolve just
like graphs under degree capped reproduction. Multi-strategy
replicators hold employers of both strategies and may evolve

Fig. 7. A plot showing symmetric games found to give rise to self
replicating structures. The plot was made by repeatedly running our model
under random symmetric payoff matrices. Points represent games where
mono-strategy replicators were found, squares represent games where multi-
strategy replicators were found

in different ways. The plot in fig. 7 was made by sampling the
game space 7000 times. The plot shows that self replicators
occur when either x or y is negative. The dynamics of
these replicative processes tend to get more complex as
(x, y) → (0, 0). Most of the multi-strategy self replicators
were detected around the lines y = −0.3 and x+ y = −0.3.

B. An interesting example

Fig. 8. A phase diagram showing a two strategy example where a tree graph
copies itself whilst continually throwing off smaller graphs that grow forever.
Black and white represent employers of strategies 1 and 2 respectively. We
have neglected to show the isolated vertices.

Searching the space of possible two strategy games we



came across an example (fig. 8) of a graph which replicates
itself whilst continually spitting off graphs that grow indefi-
nitely. Using the game with payoff matrix(

−2 0
−1 −1

)
with τ = −5, starting from the tree shown at the top left
of fig. 8 gives rise to the phase diagram shown. The tree
graphs self replicates with period 2 whilst continually spitting
off graphs that hold one vertex of each strategy. We can
show that these two vertex complete graphs will grow in
size forever.

The two vertex complete graph has no edges connecting
a pair of vertices with the same strategy and clearly this
property will be preserved under subsequent updates. If we
disregard newly created isolated vertices then updating such
structures is equivalent to simultaneously giving every black
vertex an offspring connected to all of its parents neighbours
of degree < 3 and giving every white vertex of degree < 3
an offspring with the same neighbourhood as its parent. The
update process involves no edge or vertex deletions so our
graph will remain connected. Moreover each white vertex
of degree < 3 will give rise to a white offspring vertex of
degree < 3, this ensures that our connected graph will grow
in size every time step.

Our example proves that the phase diagram associated
with self replicators need not be finite. The existence of
this type of behaviour has some interesting implications.
Imagine taking our example and replacing the zero entry in
the top right of the payoff matrix with a very small negative
number. In such a scenario we would again see the tree like
graph self replicate with period 2 whilst throwing off two
vertex complete graphs. The graphs thrown out would grow
in size for a very long time until they eventually break into
a vast collection of graphs which would probably replicate
one another. It’s very possible that this set would contain
similar devices to the initial graph, throwing off more seeds
that give rise to other vast families of structures.

Searching the space of games and initial graphs is difficult.
Even with two strategies the space of games is four dimen-
sional. The main problem though is the exponential growth
of evolving graphs, this makes it hard to run most systems
for more than about 10 time steps. Perhaps finite games
exist under which one may emulate arbitrary computations
by selecting appropriate initial graphs.

V. INTRODUCING STOCHASTICITY

It is important to ask whether the self replicating structures
found within our models are resilient to the introduction
of stochasticity/asynchrony in the update process. Cellular
automata can give rise to similar types of emergent be-
haviour but introducing stochasticity tends to destroy it. We
performed a computer experiment that verifies that some of
our models can produce self replicative behaviour which is
resilient to certain kinds of stochasticity. In our modified
stochastic degree capped model we choose some degree cap
Q and update probability p. To update under this system

Fig. 9. An example showing how number of isomorphic pairs of connected
components grows with time when Q = 4 and p = 0.7, starting from a
two vertex complete graph.

we simultaneously give each vertex an offspring (with the
same neighbourhood as its parent) with probability p and
then any vertex of degree greater than Q gets removed with
probability p.

In this Q = 4 case when p ≥ 0.6 most graphs still
eventually evolve into a soup of self replicating graphs that
increase in number exponentially. When 0.6 > p > 0.4
we tend to get periodic appearances of similar graphs that
seem to diverge back into diversity before they are able
to reproduce. When p ≤ 0.4 the system tends to break,
rare vertices tends to gain very large degrees and then get
destroyed, this effect tends to destroy all the edge structures.

There are many other ways one could introduce stochas-
ticity (like as adding or subtracting random edges or vertices)
and many issues with respect to self replication that could be
studied. Our simple computer experiment demonstrates that
the self replicative processes observed are not merely arti-
facts of the simultaneous/deterministic nature of our model
but instead persist in the presence of substantial levels of
noise.

VI. CHANGING THE RULES REGARDING HOW OFFSPRING
ARE CONNECTED

So our game theory based growth model can produce
very complicated behaviour, even in the one strategy case.
Analysis of the behaviour of systems with two or more
strategies is bound to be challenging. However we can
modify the rules to to get systems where we can make more
mathematical headway.

A. Eight modified models

The reproduction stage of our update was to simultane-
ously give every vertex an offspring which was born with the
same neighbourhood as it’s parent. We might equally well
have decided to define our system so that every offspring



is born ‘connected to its parent and all of its parent’s
neighbours’ or ‘connected to its parent and the new offspring
of its parent’s neighbours’. In fact there are 8 ways we might
specify how new offspring are linked up and so 8 different
mechanisms of graph growth onto which we might impose
game theory based culling mechanisms.

Growth mechanism 0: Offspring are born with no neighbour-
hood.

Growth mechanism 1: Offspring are born with the same
neighbourhood as their parents.

Growth mechanism 2: Offspring are born connected only to
their parents.

Growth mechanism 3: Offspring are born connected only to
their parents and their parent’s neighbours.

Growth mechanism 4: Offspring are born connected only to
the new offspring of their parent’s neighbours.

Growth mechanism 5: Offspring are born connected only
to their parent’s neighbours and the new offspring of their
parent’s neighbours.

Growth mechanism 6: Offspring are born connected only
to their parent and the new offspring of their parent’s
neighbours.

Growth mechanism 7: Offspring are born connected to their
parents, their parent’s neighbours and the new offspring of
their parent’s neighbours.

[4] will be the first in a series of papers where we will
discuss how these mechanisms grow graphs and how the
inclusion of deterministic vertex culling (according to various
criterion) changes dynamics. With respect to our game theory
based ‘reproduce’ then ‘cull the unfit’ models a few growth
mechanisms are worth investigating. Growth mechanisms
2,5,6 and 7 are well suited because under them each new
offspring will be automorphically equivalent to its parent.
This property allows us to do a trick, reversing the order of
culling and reproduction, that allows use to say in advance
how the descendants of employers of different strategies
will develop (see the following example with mechanism 6).
Growth mechanisms 3 is very interesting, it can produce self
replicating structures under degree capped dynamics much
like mechanism 1.

B. Tractable dynamics under growth mechanism 6

Suppose we have a game M and a threshold τ . Let us
define the graph operators R and Cτ as follows. Suppose G
is a graph with strategies assigned to its vertices. R(G) is
the graph obtained by taking G and simultaneously giving
every vertex an offspring vertex, with the same strategy as
its parent, that is born connected to its parent’s neighbours

Fig. 10. An illustration of how R modifies the structure of the two vertex
complete graph.

and the new offspring of its parent’s neighbours. Cτ (G) is
the graph obtained by taking G and removing each of its
vertices that have a fitness less than τ .

Consider the system where the graph obtained by updating
Gt is

Gt+1 = Cτ (R(Gt)) = (Cτ ◦R)(Gt). (1)

This system is much more tractable than the one previously
defined because

Cτ (R(G)) = R(Cτ.2−1(G)) (2)

for any graph G. This means that the graph Gt we get at
time t is

(Cτ ◦R)t(G0) = (Rt ◦Cτ.2−t ◦Cτ.2−(t−1) ◦ ...◦Cτ.2−1)(G0)
(3)

which is the graph obtained by taking the initial graph
G0, removing all vertices with fitness less than τ.2−1 then
removing all vertices of fitness less than τ.2−2... etc... then
removing all vertices of fitness less than τ.2−t, then taking
the resulting graph and applying the pure growth operator
R to it t times. Under this new model we can make a lot
of analytical progress; for any given game, fitness threshold
and initial graph we can say whether individuals employing
a given strategy will die out or multiply forever.

VII. DISCUSSION

Our research is only scratching the surface of a sea of
exotic dynamical systems. We have chosen to concentrate
on studying the phenomenon of self replication because of
its obvious biological relevance. We have demonstrated that
our models can produce highly complicated sets of self repli-
cating structures even with very simple initial conditions.
The existence of self replicative processes with unbounded
phase space, using only two strategies, suggests that some
games could promote self replicative processes of arbitrary
complexity. The observation that adaptive graph models as
simple as ours can produce self replicative processes of
huge complexity, whilst being resilient to some degree of
stochasticity, raises interesting biological questions. If such
simple processes can generate dynamics as complex as the
entire ecosystem of organisms on earth (which presumably



Fig. 11. The graph I

emerged from some kind of primordial ooze) then could an
equally simple model emulate all biological processes?

APPENDIX

A. Regular graphs under the degree capped model

The Kronecker product G⊗H of a pair of graphs G and
H is the graph with a vertex set that is the Cartesian product
of G and H’s vertex sets and an edge set such that any pair
of vertices (uG, uH) and (vG, vH) of G⊗H will be adjacent
iff uG is adjacent to vG in G and uH is adjacent to vH in
H .

Updating under the degree capped model consists of
applying the reproduction stage and then applying the culling
stage. Applying the reproduction stage to a graph G always
yields the graph G⊗ I where I is the graph pictured in fig.
11.

Let FQ(G) denote the graph obtained by updating a graph
G with degree cap Q and let Hr be any degree r regular
graph. It turns out that

FQ(G⊗Hr) = FQ.r(G)⊗Hr. (4)

This implies that when r ≤ Q
2 we have

F tQ(Hr) = F t−1
Q
r

(I)⊗Hr. (5)

Knowledge of how I evolves with degree cap Q
r hence

equates to knowledge of how any regular degree r ≤ Q
2

graph evolves. The problem is that the complexity of F tQ(I)
’s dynamics increases dramatically with Q. With Q ≤ 9 the
graph I will evolve towards the same self replicative soup
encountered from evolving the two vertex complete graph.
When Q = 10 this is no longer the case, F t10(I) holds more
than 1000 different connected structures when t is large.

Under pure reproduction (or equivalently when Q is
infinite) we will have that F t∞(I) is graph obtained by
performing the Kronecker product of I with itself t + 1
times. The idea of taking some initial graph and repeatedly
performing the Kronecker product of it with itself has been
studied in [9] where it was noted that structures generated in
this fashion have much in common with real world networks.
F t∞(I) can be viewed as having vertex set {0, 1}t and edge

set such that any pair of binary strings a,b ∈ {0, 1}t are
adjacent iff ∀i ∈ {1, 2, ..., t} we have (ai, bi) 6= (0, 0). The
interpretation is that the binary strings represent the history
of births (0) and survival as parent (1) stages which lead to
the form of each vertex. An update causes each offspring

gets a 0 at the end of its name and each parent gets a 1
on the end of its name. A pair of vertices in F t∞(I) are
hence interconnected iff their most distant ancestors were
connected and they have no ancestors that were born at the
same time.

When Q is finite F tQ(I) is the subgraph of F t∞(I) induced
upon the subset Xt ⊆ {0, 1}t of binary strings defined so
that X0 = {0, 1} and

Xt+1 = Xt × {0} ∪ (6)
{a ∈ Xt : |{b ∈ Xt : ∀i ∈ {1, 2, ..., t},
(ai, bi) 6= (0, 0)}| ≤ Q/2} × {1}

whenever t ≥ 0.

B. Global dynamics when Q = 4
Extensive simulations have lead us to conjecture about the

long term dynamics of an arbitrary graph under the Q = 4
degree capped model. When we disregard singletons, as we
do, we find that a graph is fixed under the degree capped
model iff it holds no edges connecting a pair of vertices of
degree ≤ Q

2 and no edges connecting a pair of vertices of
degree > Q

2 . In the Q = 4 case the set of fixed graphs
is hence the set of bipartite graphs with all vertices in one
part having degree in {1, 2} and all vertices in the other part
having degree in {3, 4}. We also find that any polygon graph
on an even number of vertices (such as a square or a hexagon)
will repeatedly bifurcate, copying itself every two time steps.
It appears as though if we evolve any finite initial graph for
long enough the only persistent structures will be these fixed
bipartite graphs, bifurcating even polygon graphs and a small
set of additional graphs. The phase space associated with
these additional graphs is illustrated in fig. 12 (neglecting
isolated vertices). Our conjecture that these are the only
persistent structures is supported by the fact that these are
the only graphs one discovers by running every initial graph
with 6 or less vertices. If the conjecture is true then finding
the eigenvalues associated with the phase diagram in fig. 12
will us an accurate description long term dynamics of any
sufficiently complicated initial graph.
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Fig. 12. A phase diagram showing the dynamics of all non trivial self replicating structures believed to arise within the Q = 4 system, isolated vertices
have been neglected.


