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A. Proof of Theorem 5

Preliminaries

Theorem 5 has the most complicated proof of all our results, and so we break the proof up into parts.

We shall begin by outlining our proof, and describing how Algorithm 1 works, informally.

Algorithm 1 works by initially making all the users dormant, and then having each player switch

onto the most congested (and lowest indexed) channel they can be satisfied by. The strategy profile xn,

generated by the nth iteration of the algorithm, is obtained by taking xn−1 and updating player n (who

has the nth highest threshold). To update player n we check if there are any channels available, that have

a low enough congestion level to satisfy user n. If such channels exist then player n is allocated such a

channel c∗, with the lowest possible index. Otherwise, if there is no channel with a low enough congestion

level to satisfy n, we let xn = xn−1. In this case, all channels have been filled to capacity, and we shall

have xn = xn+1 = .. = xN because the threshold of every subsequently considered user will be too low

for them to be satisfied from using any channel. Figure 5 illustrates a particular example of Algorithm 1

running.

We say a strategy profile y is reachable from strategy profile x if ∀p ∈ N we have xp 6= 0⇒ xp = yp

(i.e., when y can be created by taking x and allocating some channels to some of x’s dormant users).

The key idea of the proof is to show that a social optimal is reachable from the strategy profile xn,

∀n ∈ {1, 2, .., N} (here xn is the strategy profile outputted by the nth iteration of Algorithm 1).
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Now since a (natural) social optimum is reachable from xN and we can show that the only natural

strategy profile that is reachable from xN is xN itself, we have that xN is a social optimum. By checking

that users have no incentive to change, we can then show that the social optimum is also a pure Nash

equilibrium.

Now let us introduce some definitions and lemmas that will help us prove the validity of Algorithm 1.

Recall that a strategy profile is natural if it holds no suffering users.

Let D(x) = {p ∈ N : xp = 0} denote the set of dormant users in x. Let α(x) = {p ∈ N : xp 6=

0, Ixp(x) ≤ Tp} denote the set of satisfied players in x. Let B(x) = |α(x)| denote the number of satisfied

users in x. Let ϕ(x) denote the set of natural strategy profiles which are reachable from x.

Note that in this proof the quantities Tn and xn are as defined within Algorithm 1. Note that T1 ≥

T2 ≥ .. ≥ TN ≥ 1.

Let x0 = (x0
1, x

0
2, .., x

0
N) = (0, 0, .., 0) denote the strategy profile where all players are dormant.

For a natural strategy profile x let β(x) = max{B(y) : y ∈ ϕ(x)} denote the maximum number of

satisfied users in a natural strategy profile which can be reached from x.

Preliminary lemmas

Before we prove Theorem 5, let us establish two useful lemmas.

Lemma 1. β(x0) equals the maximum social welfare of a strategy profile (i.e., β(x0) = max{
∑N

p=1 Up(y) :

y ∈ C̃N}).

Proof of Lemma 1

Note that in this proof the quantities Tn and xn are as defined within Algorithm 1. Note that T1 ≥

T2 ≥ .. ≥ TN ≥ 1.

First note that ϕ(x0) is equal to the set of all natural strategy profiles in C̃N , because every strategy

profile can be obtained by taking x0 and allocating channels to some users. Now if y is a social optimal of

the game (i.e., a strategy profile which maximizes the social welfare) then y holds no suffering users (since

otherwise we could increase the social welfare of y by making some of the suffering users dormant). It

follows that the set ϕ(x0) holds each social optimal of our game. Also, for each social optimal y we have

that y’s social welfare equals B(y). It follows that β(x0) = max{B(y) : y ∈ ϕ(x0)} is the maximum

social welfare of a strategy profile, as claimed. �

Now we shall state our most technical result, which we can use with induction to prove our theorem.



Lemma 2. For n ∈ {1, 2, .., N} suppose that the strategy profile xn−1 (which is the starting point for

the nth iteration of Algorithm 1) satisfies the following conditions (with1 respect to n):

1) xn−1 is natural.

2) β(xn−1) = β(x0)

3) D(xn−1) = {n, n+ 1, .., N}.

4) {c ∈ C : Ic(xn−1) < Tn} 6= ∅.

5) c∗ = min{c ∈ C : Ic(xn−1) < Tn} is such that ∀c ∈ C we have c < c∗ ⇒ Ic(xn−1) ≥ Tn and

c = c∗ ⇒ Ic(xn−1) < Tn and c > c∗ ⇒ Ic(xn−1) = 0.

In this case we have that Algorithm 1 is such that xn is obtained by taking xn−1 and having player n

switch to channel c∗. Now xn will satisfy conditions 1),2) and 3) (with respect to n + 1). Moreover if

n < N and {c ∈ C : Ic(xn) < Tn+1} 6= ∅ then xn will also satisfy conditions 4) and 5) (with respect to

n+ 1).

Proof of Lemma 2

Note that in this proof the quantities Tn and xn are as defined within Algorithm 1. Note that T1 ≥

T2 ≥ .. ≥ TN ≥ 1.

Since this proof is long we shall divide it into three parts.

Proof of Lemma 2:Part One

Suppose xn−1 satisfies conditions 1),2),3),4) and 5) (with respect to n). In this part we will show that

xn satisfies conditions 1) and 3) with respect to n+ 1.

Firstly note that 4) implies that ∃c > 0 : Ic(xn−1) < Tn, and so Algorithm 1 works by setting

c∗ := min{c ∈ C : Ic(xn−1) < Tn} and xn = (xn−1
1 , .., xn−1

n−1, c
∗, , xn+1

n−1, .., x
n−1
N ). Now clearly D(xn) =

D(xn−1)− {n} = {n+ 1, n+ 2, .., N}, and so xn satisfies 3) (with respect to n+ 1).

Now note that each user of c∗ in xn other than n has a threshold greater than or equal to that of n and

so, since n is satisfied, they will also be satisfied. More algebraically, since D(xn−1) = {n, n+ 1, .., N}

and T1 ≥ T2 ≥ .. ≥ TN , we have ∀p ∈ N that [p 6= n, xnp = c∗] ⇒ xn−1
p = c∗ ⇒ p ∈ N − D(xn−1)

⇒ p < n⇒ Tp ≥ Tn ≥ Ic
∗
(xn) ⇒[p is satisfied in xn].

And so we have shown that every player using c∗ in xn is satisfied. Now since c∗ is the only channel

which has a different set of users in xn to in xn−1 and since xn−1 is natural (i.e., xn−1 satisfies 1)) we

1We say these conditions are ‘with respect to n’ because the number n appears within the conditions. Later, when we test other strategy
profiles, they may be taken with respect to a different number. For example we may speak of ‘xn satisfying condition 3) with respect to
n+ 1′ this means D(xn) = {n+ 1, n+ 2, .., N}.



have that xn is natural. And so we have shown that xn satisfies condition 1) with respect to n+ 1.

So now we have shown that xn satisfies condition 1) and 3)

Proof of Lemma 2:Part Two

Our next objective is to show that xn satisfies 2). This is the most difficult part of the proof.

We want show that xn satisfies condition 2), with respect to n+ 1. In order to do this, we will show

that it is possible to find a strategy profile Ω that satisfies the following conditions:

• Ω is natural

• Ω is reachable from xn−1

• B(Ω) = β(xn−1)

• Ωn = c∗

We shall refer to these four conditions collectively as F (i.e., we will say that Ω satisfies F if and only

if Ω satisfies these four conditions).

Once we have shown how to construct a strategy profile Ω that satisfies condition F it follows that Ω

is also reachable from xn and so β(xn) = B(xn−1) = β(xn−1) and now since xn−1 satisfies condition

2), we have that β(xn−1) = β(x0) and so it follows that β(xn) = β(xn−1) = β(x0) and so we get that

xn satisfies condition 2).

However, in order to truthfully use this argument, we must show how to construct a strategy profile

Ω that satisfies F. Before we begin, let us outline our method. We shall begin with a strategy profile z

that’s existence is obvious, and that can be reached from xn−1. Then we shall use z to construct another

strategy profile w that can also be reached from xn−1 (the exact form of w depends upon the form of

z). Then we shall use w to construct a Ω which satisfies condition F. The way Ω is constructed from

w depends upon the form of w.

Algorithm 1 briefly describes how to construct Ω, however we shall discuss the construction process

in much more detail below.

Let z : B(z) = β(xn−1) be a natural strategy profile which is reachable from xn−1 which has

the maximum possible number of satisfied users (i.e., z ∈ ϕ(xn−1) and B(z) = max{B(y′) : y′ ∈

ϕ(xn−1)}).

Now we propose that B(z) > B(xn−1).

To see this, note that the definition of z implies that for each natural strategy profile y′ that can be

reached from xn−1 we have B(z) ≥ B(y′). Now xn is a natural strategy profile that can be reached



Algorithm 1: An algorithm that produces a strategy profile Ω satisfying F.
Input: A QoS satisfaction game with C channels (which are homogenous), which have thresholds

T1 ≥ T2 ≥ ... ≥ TN , and a strategy profile xn−1 satisfying conditions 1),2),3),4) and 5) of
Lemma 2.

Output: A strategy profile Ω which satisfies F.
1 Let z be a natural strategy profile reachable from xn−1 such that
B(z) = max{B(y) : y ∈ ϕ(xn−1)}

2 if zn = 0 then
3 Let m ∈ D(xn−1) be such that zm ≥ c∗. Let w be the strategy profile obtained by taking z and

swapping around the channels used by n and m.
4 else
5 Let w = z

6 if wn = c∗ then
7 Let Ω = w

8 else
9 Let R = {p ∈ D(xn−1) : wp = c∗}

10 if R = ∅ then
11 Let Ω be the strategy profile obtained by taking w and changing n’s channel to c∗

12 else
13 if Ic∗(w) ≥ Iwn(w) then
14 Let Ω be the strategy profile obtained by taking w and swapping around the channels

used by n, and a member of R with the maximum threshold
15 else
16 Let Ω be the strategy profile obtained by taking w and moving the Iwn(w)− Ic∗(xn−1)

users of wn with the highest thresholds (including n) to channel c∗, and moving each
member of R to channel wn

17 return Ω

from xn−1 and B(xn) = B(xn−1) + 1 and so B(z) ≥ B(xn) = B(xn−1) + 1 and so B(z) > B(xn−1).

Next we claim that there exists an m ∈ D(xn−1) such that zm ∈ {c∗, c∗ + 1, .., C}. To see this note

that since B(z) > B(xn−1) there must be some m ∈ D(xn−1) such that zm 6= 0, and m is satisfied in

z so Izm(z) ≤ Tm. Moreover, z is reachable from xn−1, and z is made by taking xn−1 and changing

the channel of m to zm. It follows that Izm(xn−1) < Izm(z) ≤ Tm. Moreover m ∈ D(xn−1)⇒ m ≥ n

⇒ Tm ≤ Tn and so we have Izm(xn−1) < Izm(z) ≤ Tm ≤ Tn. Now since Izm(xn−1) < Tn, and since

xn−1 satisfies 5), we have zm ≥ c∗. This shows zm ∈ {c∗, c∗ + 1, .., C} as required.

Now we have established that z is natural and B(z) = β(xn−1) > B(xn) and ∃m ∈ D(xm−1) : zm ≥

c∗, we shall construct a strategy profile w from z. If zn 6= 0 then we let w = z. Now, alternatively,

suppose that zn = 0. In this case we obtain w by taking z and interchanging the strategies of players m

and n. In other words w is such that ∀p ∈ N we have



wp =


zm if p = n,

zn if p = m.

zp otherwise.

Now w is reachable from xn−1 because you can make w by taking xn−1 and setting all the players

to use the same channels as they do in z, except for player m who is left dormant). After this, one sets

player n to use zn. This shows that w is reachable from xn−1.

Now let us prove that w is natural.

To see this note that all the users of channels in w, except for m and n will have the same congestion

level in w as they do in z, and since z is natural these players will all be satisfied. Now since player m

is dormant in w, it just remains to show that player n is satisfied in w. To this note that m ∈ D(xn−1) =

{n, n + 1, .., N} ⇒ m ≥ n ⇒ Tm ≤ Tn and Iwn(w) = Izm(w) = Izm(z) ≤ Tm ≤ Tn. It follows that n

is satisfied in w. And so we have shown that w is natural (and reachable from xn−1 ), irrespective of

whether w = z, or whether w is constructed by modifying z as we have just described.

These arguments imply that the set of satisfied users in w is α(w) = (α(z)− {m}) ∪ {n} and so we

have B(w) := |α(w)| = |α(z)| =: B(z) = β(x0) (i.e., z and w both hold the same number of satisfied

users).

Now we have shown that, irrespective of whether zn = 0 or zn 6= 0, we can construct a strategy profile

w with the following properties:

• w is natural

• w is reachable from xn−1

• B(w) = β(xn−1)

For the rest of the proof, we shall not insist that zn = 0 or zn 6= 0. We shall simply assume that we have

a strategy profile w which satisfies the conditions listed above. Now we shall describe how to construct

our strategy profile Ω from a strategy profile w which satisfies the conditions listed above.

If wn = c∗ then we let Ω = w and it is easy to see that Ω satisfies condition F in this case.

Now let us instead suppose that wn 6= c∗.We shall describe how to construct Ω in this case.

Let R = {p ∈ D(xn−1) : wp = c∗} denote the set of players using c∗ in w that were dormant in xn−1.

If R = ∅ then Ic
∗
(w) = Ic

∗
(xn−1) < Tn, and so to construct Ω we simply change the strategy of

n to c∗ (i.e., we define Ω = (w1, .., wn−1, c
∗, wn+1,..,wN)). Now in this case clearly every player using a

channel other than c∗ is still satisfied (since their congestion level has not increased).



Moreover, since R = ∅, we have that Ic∗(w) = Ic
∗
(xn−1) < Tn and so it follows that IΩn(Ω) =

Ic
∗
(Ω) = 1 + Ic

∗
(w) ≤ Tn, and we have that n is still satisfied in Ω. Also, every other user q of c∗ in

Ω is such that q /∈ R and so q /∈ D(xn−1) and so (by 3)) we have q < n, and Tq ≥ Tn, and so q is

satisfied in Ω just like n is. So we have showed that Ω is natural and B(Ω) = B(w) = β(xn−1) in this

case. Also since w is reachable from xn−1 and n ∈ D(xn−1), we clearly have that Ω is reachable from

xn−1, and Ωn = c∗. And so we have shown that Ω meets condition F in this case.

Recall that R = {p ∈ D(xn−1) : wp = c∗}. Now let us instead suppose that R 6= ∅.

If Ic∗(w) ≥ Iwn(w) then we construct Ω by taking w and swapping around the channels of n and a

member m′ of R with the maximum threshold (we let m′ be any member of R such that Tm′ = max{Tq :

q ∈ R}).

In other words (in this case where Ic∗(w) ≥ Iwn(w) and R 6= ∅) we define Ω such that ∀p ∈ N we

have

Ωp =


wm′ if p = n,

wn if p = m′.

wp otherwise.
Now we will show that Ω satisfies condition F in this case.

Player m′, which switches their channel from c∗ to wn (to make Ω from w), will still be satisfied

in Ω since they are satisfied in w and the congestion level they incur in Ω will be no greater then the

congestion level that they incurred in w.

In other words IΩm′ (Ω) = Iwn(Ω) = Iwn(w) ≤ Ic
∗
(w) ≤ Tm′ .

Also player n, who switches from wn to c∗ will end up (in Ω) with a congestion level equal to that

of m′ in w, however their threshold is greater than or equal to the threshold of m′ and so, since wm′ is

satisfied in w we have that n will be satisfied in Ω.

In other words, since m′ ∈ D(xn−1) ⇒ m′ ≥ n ⇒ Tm′ ≤ Tn, we have IΩn(Ω) = Iwm′ (Ω) =

Iwm′ (w) ≤ Tm′ ≤ Tn.

So this shows that n will also be satisfied in Ω in this case. Now since every other player in Ω will

have the same congestion level as they had in w, and w was natural we have that Ω is natural. Also,

clearly B(Ω) = B(w) and Ω is reachable from xn−1. Now we have shown that Ω satisfies F in this

case.

Finally let us consider the case where R 6= ∅, wn 6= c∗ and Ic∗(w) < Iwn(w).



In this case we construct Ω by taking the E := Iwn(w) − Ic
∗
(xn−1) players with the highest

thresholds2 that are using wn, under w, and having these individuals change their channels to c∗, whilst

(simultaneously) changing the channel of each player in R, from c∗ to wn.

Let us be more precise. Let us name the users of wn by writing

{e1, e2, .., eM} := {p ∈ N : wp = wn},

where the names ei given to the players are such3 that e1 = n and Te1 ≥ Te2 ≥ .. ≥ TeM .

Formally speaking Ω is defined such that ∀p ∈ N we have

Ωp =


wn if p ∈ R,

c∗ if p ∈ {e1, e2, .., eE},

wp otherwise.

Recall that E := Iwn(w) − Ic∗(xn−1). Now we will show that Ω satisfies condition F in this case.

Clearly Ωn = Ωe1 = c∗. Also Ω is reachable from xn−1, since Ω can be obtained by taking w and only

altering the channels of the players from R ∪ {e1, e2, .., eM} ⊆ D(xn−1).

Now we will show that Ω is natural. Firstly let us show that the players in the set R that change their

channels from c∗ to wn, will still be satisfied in Ω.

The reason is that the congestion level these players experience in Ω will be Ic∗(xn−1)+ |R| = Ic
∗
(w),

which is the same congestion level that they incurred in w.

Players sticking on wn in w and Ω experience a congestion level of Iwn(Ω) in Ω, which is less than

the congestion level Iwn(w) they incurred before, in w, because

Iwn(Ω) = Ic
∗
(xn−1) + |R| = Ic

∗
(w) < Iwn(w).

It follows that players sticking on wn in w and Ω will still be satisfied in Ω.

Players in the set {e1, e2, .., eE} that change their channels from wn to c∗ will still be satisfied in Ω

since the congestion level Ic∗(Ω) = Ic
∗
(xn−1) + (Iwn(w) − Ic

∗
(xn−1)) = Iwn(w) that these players

experience in Ω will be the same as the congestion level that they experience in w.

Each player q ∈ {N : c∗ = xn−1
q = wq}, which sticks upon channel c∗ in xn−1,w and Ω is such that

q ∈ N − D(xn−1), and so they each have a threshold that is greater than or equal to the threshold of

every player in D(xn−1).

2Player n is assumed to be included in this set of E users that switch from wn to c∗.
3This is clearly possible, because wn ∈ {c∗+1, c∗+2, .., C} and so Iwn(xn−1) = 0, and so every user p of wn in w is from D(xn−1)

and so p ≥ n and so Tp ≤ Tn.



Now since the players in {e1, e2, .., eE} ⊆ D(xn−1) are satisfied in Ω it follows that every player

q ∈ {N : c∗ = xn−1
q = wq} will also be satisfied in Ω.

So we have shown that every player using wn or c∗ in Ω will be satisfied. Now since w is natural and

the sets of users4 of channels other than wn or c∗ will be exactly the same in Ω, as in w, we have that

Ω is natural.

Now since Ω was obtained by taking w and swapping around the real channels used by some players

we have that |D(Ω)| = |D(w)|. Also, since Ω and w are both natural we have that B(Ω) = N−|D(Ω)| =

N − |D(w)| = B(w) = β(xn−1).

Now since Ω is reachable from xn−1 and Ωn = c∗ we have that Ω satisfies the conditions of F.

So we have examined all possible cases, and in each case we have specified how to construct5 a strategy

profile Ω that satisfies the condition F, which means

• Ω is natural

• Ω is reachable from xn−1

• B(Ω) = β(xn−1)

• Ωn = c∗

Now since Ω is reachable from xn−1 and Ωn = c∗ we have that Ω is reachable from xn. It follows that

β(xn) = B(Ω) = β(xn−1). Now since xn−1 satisfies condition 2) (with respect to n ) we have that

β(xn−1) = β(x0) and so we have that β(xn) = B(Ω) = β(xn−1) = β(x0) and so we have that xn

satisfies condition 2) (with respect to n+ 1).

And so we have shown that xn satisfies conditions 1),2) and 3).

Proof of Lemma 2:Part Three

Now let us suppose that n < N and {c ∈ C : Ic(xn) < Tn+1} 6= ∅. Now we will show that xn satisfies

conditions 4) and 5) with respect to n+ 1.

In this case xn obviously satisfies condition 4) with respect to n+ 1.

Let c∗∗ = min{c ∈ C : Ic(xn) < Tn+1}. Now ∀c ∈ C we clearly have c < c∗∗ ⇒ T c(xn) ≥ Tn+1, from

the definition of c∗∗. Also the fact that c = c∗∗ ⇒ T c(xn) < Tn+1 follows from the definition of c∗∗.

Now we propose that c∗∗ ≥ c∗.

We will show this. Let c ∈ C be any channel. Now since the set of users of c is the same in xn as

in xn−1, and since xn−1 satisfies condition 5), we have c < c∗ ⇒ Ic(xn) = Ic(xn−1) ≥ Tn. Now the

4In other words {p ∈ N : wp = c} = {p ∈ N : Ωp = c}, ∀c ∈ C − {wn, c
∗}.

5The way Ω is constructed within the various scenarios is summarized by Algorithm 1.



contrapositive of the statement [c < c∗ ⇒ Ic(xn) ≥ Tn] (which is also true) is [Ic(xn) < Tn ⇒ c ≥ c∗].

Now, since Tn ≥ Tn+1, it follows from the definition of c∗∗ that Ic∗∗(xn) < Tn+1 ≤ Tn, and so it follows

from [Ic(xn) < Tn ⇒ c ≥ c∗] that c∗∗ ≥ c∗, as required.

Now since any channel with an index greater than c∗ has the same number of users in xn−1 and xn,

we have ∀c ∈ C that c > c∗∗ ⇒ c > c∗ ⇒ Ic(xn) = I(xn−1) = 0, because xn−1 satisfies 5) with respect

to n. Hence we have proved that xn satisfies condition 5) with respect to n+ 1.

So now we have shown that xn satisfies conditions 1),2) and 3) with respect to n + 1 and we have

shown that if n < N and {c ∈ C : Ic(xn) < Tn+1} 6= ∅ then xn satisfies conditions 4) and 5) with respect

to n+ 1. This proves our lemma. �

With Lemma 2 established, we can move on to proving the main result.

Proof of the main theorem

Note that in this proof the quantities Tn and xn are as defined within Algorithm 1. Note that T1 ≥

T2 ≥ .. ≥ TN ≥ 1.

Clearly x0 = (0, 0, .., 0) satisfies conditions 1),2),3),4) and 5) of Lemma 2, with respect to 1. Also,

during the first iteration of Algorithm 1, the congestion level of channel 1 is low enough to satisfy player

1. It follows (according to Algorithm 1) that x1 = (1, 0, ..., 0) is the strategy profile obtained by taking

x0, and having player 1 switch to channel 1. Also, Lemma 2 implies that x1 satisfies the conditions

1),2),3),4) and 5) of Lemma 2, with respect to 2.

Now Algorithm 1 will generate a sequence of strategy profiles x0,x1, ..,xN such that we will have

either:

(A): that ∀n ∈ {1, 2, .., N − 1} we have that xn−1 is such that {c ∈ C : Ic(xn) < Tn+1} 6= ∅,

or

(B): that ∃n ∈ {1, 2, .., N − 1} such that {c ∈ C : Ic(xn) < Tn+1} = ∅.

Now we will show that the output xN of our algorithm is a pure Nash equilibrium, and a social

optimum in case (A) and case (B).

First let us consider case (A), where there is a channel in xn with a low enough congestion level to

satisfy player n+ 1, ∀n ∈ {1, 2, .., N − 1}. In case (A) we can use Lemma 2 with induction to show that



all N players are satisfied, within the output xN of Algorithm 1 in this case.

Suppose n ∈ {1, 2, .., N − 1} is such that xn−1 satisfies conditions 1),2),3),4) and 5), of Lemma 2,

with respect to n. Also, suppose that {c ∈ C : Ic(xn) < Tn+1} 6= ∅. In this case Lemma 2 implies that

xn satisfies conditions 1),2),3),4) and 5), of Lemma 2, with respect to n+ 1.

Now, our assumption that (A) holds, implies that {c ∈ C : Ic(xn) < Tn+1} 6= ∅ is true, ∀n ∈

{1, 2, .., N−1}. Moreover, we have just shown that n = 1 is such that xn−1 satisfies conditions 1),2),3),4)

and 5), of Lemma 2, with respect to n.

It follows that we can use Lemma 2 with induction to imply that xn satisfies conditions 1),2),3),4) and

5), of Lemma 2, with respect to n + 1, for each n ∈ {1, 2, .., N − 1}. Hence, we have shown that xN

satisfies conditions 1),2),3), of Lemma 2, with respect to N + 1.

Now since xN satisfies condition 1) of Lemma 2, we have that xN is natural. Also, since xN satisfies

condition 3) of Lemma 2 (with respect to N + 1), we have that D(xN) = {p ∈ N : p ≥ N + 1} = ∅,

and so xN has no dormant players. Now since xN has no suffering players, and no dormant players we

must have that each of the N players in xN is satisfied. It follows that the output xN of Algorithm 1 is

a pure Nash equilibrium and a social optimum.

Now let us consider case (B), where there exists an n ∈ {1, 2, .., N − 1} such that no channel in xn

has a low enough congestion level to satisfy player n+ 1. In this case, let

n∗ = min{n ∈ {1, 2, .., N − 1} : {c ∈ C : Ic(xn) < Tn+1} = ∅}.

Now, using a similar argument to the one given in case (A), we can show that xn satisfies conditions

1),2),3),4) and 5) of Lemma 2, with respect to n+ 1, for each n ∈ N such that n < n∗.

Now, since xn∗−1 satisfies conditions 1),2),3),4) and 5) of Lemma 2, with respect to n∗, we have that

Lemma 2 implies that xn∗ satisfies conditions 1),2) and 3) of Lemma 2, with respect to n∗, with respect

to n∗ + 1.

However, since {c ∈ C : Ic(xn∗
) < Tn∗+1} = ∅ it is clear that xn∗ does not satisfy conditions 4), or 5)

(with respect to n∗ + 1).

Now we claim that xn∗ is a pure Nash equilibrium and a social optimum of our game.

To see this, note that since xn∗ satisfies condition 3) of Lemma 2, with respect to n∗+ 1, we have that

the set of dormant players in xn∗ is D(xn∗
) = {n∗ + 1, n∗ + 2, .., N}.

Now we will show that none of these dormant players can switch to a channel without suffering.



To see this note that {c ∈ C : Ic(xn∗
) < Tn∗+1} = ∅ implies that Tn∗+1 ≤ Ic(xn∗

), ∀c ∈ C. Now

D(xn∗
) = {n∗ + 1, n∗ + 2, .., N}, and so for each dormant user p ∈ D(xn∗

) we have p ≥ n∗ + 1, and so

Tp ≤ Tn∗+1 ≤ Ic(xn∗
), ∀c ∈ C. And so this shows that the congestion level over every channel in xn∗ is

so high that no dormant user in xn∗ can be satisfied by switching to a channel.

It follows that every user in xn∗ which is dormant cannot perform a better response update in xn∗ .

Also, since xn∗ is natural, we have that every user xn∗ which is not dormant, is satisfied, and so cannot

perform a better response update in xn∗ . Now we have shown that no player in xn∗ can do a better

response update, it follows that xn∗ is a pure Nash equilibrium.

We also have6 that β(xn∗
) = B(xn∗

).

To see this, note that since no dormant user can switch to a channel without suffering, there is no

natural strategy profile which is reachable from xn∗ , except xn∗ itself (i.e., the set of natural strategy

profiles reachable from xn∗ is ϕ(xn∗
) = {xn∗}). Now since β(xn∗

) is the maximum value of B(y) such

that y is a natural strategy profile which is reachable from xn∗ , we have that

β(xn∗
) = max{B(y) : y ∈ ϕ(xn∗

)} = max{B(xn∗
)} = B(xn∗

),

as required.

Now since xn∗ satisfies condition 2) of Lemma 2 we have that β(xn∗
) = β(x0). Now since xn∗ is

natural, the social welfare of xn∗ is
∑N

p=1 Up(x
n∗

) = B(xn∗
) = β(xn∗

) = β(x0).

Now according to Lemma 1 we have that β(x0) is equal to the maximum social welfare of any strategy

profile. And so it follows that the social welfare of xn∗ is equal to the maximum social welfare of any

strategy profile, and so we have that xn∗ is a social optimum.

Now we have shown that xn∗ satisfies the following conditions (which we will express using shorthand

as N).

• xn∗ is a pure Nash equilibrium.

• xn∗ is a social optimum.

• ∀p ∈ {n∗ + 1, n∗ + 2, .., N}, ∀c ∈ C we have Ic(xn∗
) ≥ Tp.

Now we will show that xn∗
= xn∗+1 = .. = xN . The idea is that every channel of xn∗ is so full that

it cannot satisfy any more dormant users, and so Algorithm 1 keeps every subsequent player dormant.

Let is give a more formal argument.

6Recall that B(x) denotes the number of satisfied players in x, and β(x) denotes the maximum value of B(y) such that y is a natural
strategy profile which is reachable from x.



To see xn∗
= xn∗+1 = .. = xN , note that xn∗ is the input for the (n∗ + 1)th iteration of Algorithm

1, and since Ic(xn∗
) ≥ Tn∗+1, ∀c ∈ C, we have that Algorithm 1 is such that xn∗+1 = xn∗ . In a similar

way, ∀m∗ ∈ {n∗ + 1, n∗ + 2, .., N − 1} we shall have (from point three of N) that Ic(xm∗
) ≥ Tm∗+1,

∀c ∈ C, and so Algorithm 1 will be such that xm∗+1 = xm∗ .

It follows that xn∗
= xn∗+1 = .. = xN and so, since xn∗ is a pure Nash equilibrium and a social

optimum we shall have that the output xN = xn∗ of our algorithm is a pure Nash equilibrium and a

social optimum.

So we have shown that the output xN of Algorithm 1 is always a social optimal and a pure Nash

equilibrium. So all that remains is to show that Algorithm 1 always halts within O(CN2) time.

Individual executions of stages 1, 2, 3, 4, 5, 6, 7 and 8 of the algorithm can be performed in O(N), O(1),

O(C), O(C), O(N), O(1), O(1) and O(1) time respectively. Only stages 3, 4, 5, 6 and 7 are repeated.

Each of these stages can be performed once in O(CN) time. These procedure where each of these stages

are performed once is repeated N time. The complete procedure/loop (that is initiated on stage 2) this

takes O(CN2) time. This O(CN2) term dominates the execution times of all other stages outside this

loop, and so the total run time of the system is O(CN2). This completes the proof. �


